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SOLUTION OF THE EQUATIONS FOR A REGULAR BEAM EMITTED BY A: 
CURVILINEAR SURFACE IN THE NONSTATIONARY CASE 

V. A. Syrovoi 

Zhurnal  Pr i ldadnoi  Meldtaniki i Tekhnicheskoi  Fiz iki ,  Vol. 7, No. 6, pp. 48-57 ,  1966 

An analy~icaI solution is given of the equations for a regular beam 
(w emitted by an arbitrary surface in the nonstationary case and the 
p- and T- l imi ted  states for nonzero initial velocity (w167 It is as- 
sumed that the emit ter  is the coordinate surface x 1 = 0 in the ortho- 
gonal system x i (i = 1, 2, 3), and the current density J, the electric 
field e, and the magnetic  field H are given functions / ( t ,xZ,xa) ,  
C(t, x 2, xS), and H (x ~, x 2, xS). The solution is given in the form of 

series in terms of (xl) u with coefficients that are functions of t, x 2, 
and x s. These coefficients are determined from recurrence relations 
(~ = 1/s, I/2, 1, depending on the emission conditions). Plane, cylin- 
drical, and spherical diodes are considered in w 5 in the case in which 
the high-frequency component of the current density I is not small  in 
comparison with its constant components. 

w BASIC EQUATIONS 

A r egu l a r ,  m o n o - e n e r g e t i c ,  non re l a t i v i s t i c  beam of 
charged p a r t i c l e s ,  a l l  having the same  specif ic  charge 
*?, is  de sc r ibed  by the fol lowing t ime-dependen t  s y s -  
tem of d i f fe rent ia l  equat ions which, in the t enso r  fo rm 
and in an a r b i t r a r y  e u r v i l i n e a r  sy s t em of eoord ina tes  
x i (i = 1, 2, 3), is  of the form 

+ g~%vt-  ~) = 0 ,  = ox-- W 

o-7 + (1/ gg%v~) = O, g 

, + )  
1/~ ~ i g + ~  = p. (1.1) 

These  equat ions a re  wr i t t en  in the d imens ion l e s s  v a r i -  
ables  in t roduced in [1], where  all the ma in  symbols  
are  defined. 

We shal l  suppose that the e m i t t e r  eo inc ides  with the 
coordinate  su r face  x 1 = 0 in the or thogonal  sy s t em x i 
(i = 1, 2, 3), and that i ts  shape r e m a i n s  cons tan t  in 
t ime.  There fo re ,  the m e t r i c  in x i is  independent  of t. 

We shall  show that the condit ion for the flow to be 
r egu l a r  demands  that the ex te rna l  magne t ic  field be 
constant .  In t eg ra t ing  the f i r s t  equation in Eqs. (1.1) 
for i = 1, we obtain 

2 ~ 0~ V ~ 2(p= ~--gi-dx~-+- . (1.2) 

When i = 2 we have 

Oq) Ov~ ..1-. O 2 ~ = 2 - g i - _ - ~  (V~). (1.3) 

If we combine  Eq. (1.2) and (1.3) and a s sume  r e g u -  
l a r  flow, we obtain 

Hence OI-l+/Ot = 0 and,  s i m i l a r l y ,  0Hi/0t = OHPOt -- 
= 0. The re fo re ,  a r egu l a r  beam cannot be produced in 
a t ime -dependen t  ex te rna l  magnet ic  field. 

w EMISSION IN THE p-LIMITED STATE 

This  is  d e t e r m i n e d  by the fol lowing condit ions of the 
emi t t e r :  for  x 1 = 0 

V = 0 ,  r 

&p / ax ~ -- 0, pv~ = Y (t, x s, x3), 

H ~  = 0, H~, = m (a s, z3), 

H~. ----- n (x "2, ~ ) ,  rn~ -t- n 2 = h s . ( 2 . 1 )  

We shal l  seek the sblut ion of the p r ob l e m defined by 
Eqs. (1~ 1) and (2.1) in the fo rm 

vt= ~ U~(xt) '/,*, v++=x 1 ~ Vk(xt) '/~, 
k ~ 2  k=O 

a, = x'  Y, W~ (xl)'/+k, 

k ~ 4  k ~ - - 2  

where  the s u b s c r i p t s  and exponents  k have the usua l  
(nontensor ia l )  s igni f icance ,  i .e. ,  they label  the t e r m s  
in  the s e r i e s  and give the powers  of the va r ious  
t e r m s .  

Subst i tu t ing v i and gp into the f i r s t  equation in 
Eqs. (1.1) f o r i =  1, we obtain 

(Pc = V ( +-+)0 + 
k = t  1=2 

k 

-+[- (2 ~ UIU,~-I+I) A,/+cs-2~-I)] + 
l~----2 

k - - 1  

k 

-~- (2  ~ V/V2+-/+I) Bv,c+-,,-7) +@ 

+ (w,,s + 2 w,w,,+_,)c,++_o> + 

k 

+(+ Z < + = + , +  . . . .  >. (2.+) 
l ~ O  

In these  e x p r e s s i o n s  (Us) ~ = aUs/Ot. We r e c a l l  that 
U I = V  1 = W 1 =  0 by def ini t ion,  a n d A  k, Bk, C k a t e  the 
expansion coeff ic ients  for the e l emen t s  of the m e t r i c  
t e n s o r  gak in t e r m s  of (xl) k. The re fo re ,  for  fixed s, 
the va lues  of k mus t  e n s u r e  that the ind iees  a re  in te -  
gers .  Since 8H/~t = 0, it  follows that the o ther  two 
equat ions  (i = 2, 3) a re  sa t i s f ied  ident ica l ly .  

The r e l a t ion  be t w e e n  Vk, Wk, and U k is  d e t e r m i n e d  
by the s ame  fo rmu la s  as in the s t a t iona ry  ease  [1]. The 
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r e l a t i o n  b e t w e e n  Pk and r  i s  a l so  the  s a m e  excep t  tha t  
~0 s i s  now g iven  by  Eqs .  (2 .3) .  If we u s e  the  equa t i on  
for  the c o n s e r v a t i o n  of c u r r e n t ,  we ob t a in  the r e c u r -  
f e n c e  r e l a t i o n s  for  the  c o e f f i c i e n t s  of the  e x p a n s i o n  in  
Eqs .  (2.2)" 

P 
p 

(P~-.)~ + v ~ P'-, ~. A,U~_,_.~+~ + 
t=O l~-----O 

P--4 

+ [(.,_, }o + 

Let  u s  w r i t e  out t h e  f i r s t  few t e r m s  i n  the  e x p a n s i o n  
for  the p o t e n t i a l  and vl: 

={9~2 J]"l" s,,--" T(~3 9 J\"} "3" Jg s'l" + 2r 

/2  Jo" 3 Jo '~ t 

+ ( 9  ~'/,/t a~ 

6 J~ I Jo'~ t Ja'h ~ )~/~ + 
+ " ~  J '  8 J4 210 J 

- ~  ~ j ,+W T + - ~ 6  - - ~ - -  - 

i Jo'Jo" 9 Jo'e. 9 YomYo" 33 Jo'4 1. 
8 j8  too J .  + ' S f f ~ - - T ~  38 - 

�9 +(3_~o Jo" ~ ~0',\ - ~  - ~-~ --2~-) h' + 

+ ~4oo J - T  - -  '~  - - - T  ) - 

] 14 (nk~ --  rnSe.) --~ -~- (np" -- toO') ., % § 

+ [  a~ a--~(--~ Io" 3 ]o'e. . 
j t6-7r--' + 2 ~ h ~ ) +  

(153 Y0" 57 Jo" 27 ) 
§ T 700 J 280 J2 + ~  he § 

t l 
+ -~" (x~n~ + • -~ + ~ (h~-)s ' + 

3 / JoP" JoQ" J~ Je.'Jo" '~ 
+ X~-~ - . - - 7 -  + ~ - 7 - -  + ~ - T r - - , ~  - - T r -  ) + 

§ ~.~o (__np, 2c Jo' 3 JO" toO,)---y- § "~(nk l - -m~, ) ' - ' j ' -§  

~3 , , Jo ' - -  441 Jo "~ 

t Yo "~ 22 Jo'Jo" t3 J8 "s \ 
q- t20 3 2 ~ 525 ye 280 "fi') h~-  

Jo V ~ Jo'Jo IV 2 Ja"Jo ~v 3 Jo'eJo m' 
t20 .r e. §  js § 15 j8 ~- ~ - -  
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+ T 0 - - ]  ~ 4 ja i5 J h s%+ 
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t - -  m~')  2~, ~ JOIV J Jo'J~ 
+ - ~  ( n /  je. 4 Y" 

9 Jo"e. 81 Yo'Vo" 8i  Jo '4 
- - ' ~ +  80 j,t t28 J~ t 

+ ( t ~ 5  J0" i ,  J0 m I I  (2.1 a, { 3  Jo" 

,8,. ) �9 Jo + 32 J~ -~ h~ + T 3 .To" 3 Jo '2 
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~9t2(n JoP" Joo" ,  
- - T - _ m - - - y - ) +  

+ t~_~t2 ( ~0 ' , /  J8V~', 
- T r -  - . , - 7 i - )  + 

+ 5-~ff(-- n/+ toO') -7- + (nkl --" ,n81) + 

3 J0" 39 J0' 
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t6 J4 2O Ja + 
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"~ 32 j5 64 l' s ' t ,+  - . -  (s = m'/'x 1) . ( 2 . 5 )  

In t h e s e  e x p r e s s i o n s ,  a k a r e  the e x p a n s i o n  coef f i -  
c i e n t s  for  g a  in  p o w e r s  of (xl) k, S, P ,  and Q a r e  the 
a r c  l e n g t h s  m e a s u r e d  a long  the  c u r v i l i n e a r  axes  
x 1, x ~, x ~, n~ and n2 a r e  the  p r i n c i p a l  c u r v a t u r e s  of 
the  e m i t t i n g  s u r f a c e ,  T = n~ + n2 i s  i t s  t o t a l  c u r v a t u r e ,  
and k~ and k~, 5~ and 5~ a r e  the p r i n c i p a l  c u r v a t u r e s  of 
the  s u r f a c e s  x 2 = c o n s t ,  x z = e ons t ,  caLcula ted  fo r  x ~= 0 

It i s  c l e a r  then  tha t ,  when  0 / a t  ~ 0, the coe f f i c i en t  
of s ~/~ in  the  e x p a n s i o n  fo r  the  p o t e n t i a l  i s  no t  zero .  
The f o u r t h  t e r m  i n c l u d e s  a c o m p o n e n t  r e p r e s e n t i n g  the 
fac t  tha t  the p r o c e s s  is  n o n s t a t i o n a r y .  T h i s  c o m p o n e n t  
i s  p r o p o r t i o n a l  to the s q u a r e  of the  m a g n e t i c  f ie ld .  The 
c o e f f i c i e n t  of s ~/~ d e s c r i b e s  the  ef fec t  of the e m i t t e r  
g e o m e t r y  ( th rough  T) and the fac t  tha t  the c u r r e n t  d e n -  
s i ty  i s  no t  c o n s t a n t .  F i n a l l y ,  the  l a s t  t e r m  in Eqs .  
(2 .5 )  r e f l e c t s  the  i n t e r a c t i o n  of the  m a g n e t i c  f i e ld  and 
i t s  i n h o m o g e n e i t y  wi th  the  i n h o m o g e n e i t y  of J ,  the  d e -  
p e n d e n c e  of J on  t ,  and  the g e o m e t r i c  f a c t o r s  ( th rough  
nkt ,  nk~, e tc .  ). 

w EMISSION IN THE T - L I M I T E D  S T A T E  

T h i s  d i f f e r s  f r o m  the  e m i s s i o n  l i m i t e d  by the space  
c h a r g e  by  the  fac t  tha t  the  e l e c t r i c  f i e ld  at the e m i t t e r  
x 1 = 0 i s  no t  ze ro ,  and i s  a func t ion  of t ime :  

V = 0,  ~ = 0,  t / ~ 0 t p  / 0z~ = 8 (t, ~ ,  x3), 

Ova, = J (t, x ~, ~9), H~, = 0, 

H~, = m (x ~-, z,), H ~  = n (z ~, z s) . (3 .1)  
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As in  the  s t a t i o n a r y  ca s e ,  we s h a l l  deve lop  e x p a n -  
s i ons  in  h a l f - i n t e g r a l  p o w e r s  of x ~, which  s a t i s f y  Eqs .  
(1 .1)  and (3 .1) :  

co 

k=l 

k=0 k~O 

co o~ 

2 , =  ~ q~.(xt) ''=~, 2F'-g-p = ' ~  p+(z~)'], ~. (3 .2)  
k=2 k = - - I  

The e q u a t i o n s  of m o t i o n  for  a r e g u l a r  b e a m  l ead  to 
the fo l lowing  e x p r e s s i o n :  

k--1 

% = v (u,_~)o' + u ~ +  ~ ~ u~u~_~) A,/._~ + 

A.,.+_I>_,+] + 
I=I  

k--1 

§ +?o[(V++ + +,+o v,++_+) ,,]+_+_,, + 

+ (2 ~ V1V2k_l+l)~l/,(s_6)-k J(- 
1=0 

k-1 

+ ( W k '  + 2 E WIW2~f-I)C'I,(s-4) -~r + 

The f o r m u l a s  for  V k, W k, and Pk a r e  g iven  in  [tl .  
The r e c u r r e n c e  r e l a t i o n s  fo r  the coe f f i c i en t s  of the  
e x p a n s i o n s  g iven  by  (3 .2)  a r e  of the f o r m  

(+_,>o' + y. o,-. + 
l=1 l~ l  

+[+_+ y, +,]:  § 
l~---0 

+ Pt-~ W~C,/,~_r ~ ~- 0 (~ = i. ~ . . . .  ) (3 .4)  

F o r  the p o t e n t i a l  ~, and v~ we have  

4 g g  J 
s -/, + 2~ = 2es + 3 l/-[ 
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i ( n  ep" ? " ~ ( n k ~ -  mS~)j s ~ + . . .  ( 3 . 5 )  

C o m p a r i s o n  of the e x p r e s s i o n s  fo r  the  po t en t i a l  in 
Eqs .  (2 .5 )  and (3 .5)  shows  that ,  whi le  in  the  c a s e  of 
e m i s s i o n  in  the  p s t a t e  and  wi th  3 / ~ t  ~ 0, the  ef fec t  of 
the  m a g n e t i c  f i e ld  p r e d o m i n a t e s  o v e r  the  g e o m e t r i c  
e f fec t s  (J~h ~ is  p r e s e n t  in  the  c o e f f i c i e n t  of s ~/~ and 
J~T is  p r e s e n t  in the  coe f f i c i en t  of s~/3), in  the  c a s e  of 
e m i s s i o n  l i m i t e d  by t e m p e r a t u r e ,  the  t e r m s  J~T, e~T 
and J~h ~, s~h ~ a p p e a r  s i m u l t a n e o u s l y  ( in the  coe f f i c i en t  
of s3). M o r e o v e r ,  in the s p a c e - c h a r g e - l i m i t e d  c a s e  
t h e r e  i s  an e a r l i e r  a p p e a r a n c e  of t e r m s  r e p r e s e n t i n g  
the  c r o s s  e f fec t s  of the  m a g n e t i c  f ie ld ,  n o n s t a t i o n a r i t y ,  
g e o m e t r y ,  and i n h o m o g e n e i t y  of the e m i s s i o n  c u r r e n t  
(nJ~kl, nJ~'p, e t c .  in  the c o e f f i c i e n t s  of s3). 

w CASE OF NONZERO EMISSION VELOCITY. 

This is described by the following conditions for x I= 

= 0: 
v~ = u (t), ~=0, 

V~lo , ;  / az 1 = ~ (t, =~, x3), pv~, = ] (t, =~, z~) 

/f,~ = 0, H=, = m (xZ, x3), / /~  = n (x 2, x"). (4 .1)  

The  s o l u t i o n  of the p r o b l e m  de f ined  by Eqs .  (1 .1)  
and (4 .1)  w i l l  be  sought  in the  f o r m  

v ,  ---- ~ U~ (x l )  ' ,  v2 = x 1 ~ Vk (xt) ~, 
~-----.o k=o 

co 

k~O 

2 + - -  (4.2> 
k~O k-----O 
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by 
The expansion coeff icients  for the potent ia l  are  given 

2 ! 

k 

+ 2 ~, U~_~U~e_~+x) A ~_~ + 
I=l 

k 

+ ( 2 ~  UiU2~_l~l) As_2k_l + 
i = 0  

k 

-c (Vk2 + 2 ~ gl-lV2k-l§ ) Bs-2k-2 + 
/ = 1  

k 

/ = 0  

+ 2 0 + 
l = l  

g 

k $ .A l=O 

The fo rmulas  for  V k, W k, and Pk a re  the same  as in 
[1]. The r e c u r r e n c e  re l a t ions  can be wr i t t en  as follows: 

p p - - t  

(p,_,),,' + p F, p, E A~V,_,_, + 
l~O [ ~ 0  

p--2 p--l--2 

p- - t - -2  t 

1~0 8 

For the potent ia l  ~o we have 

2 ( p = u ~ + 2 e s + [ t  a~ e~eT +.r)s, 
k--i o: ,-7 - -~ + . . . .  

The co r r ec t i ons  to ~o~ and q)4 due to nonze ro  d e r i v -  
a t ives  with r e spec t  to t ime  for u, J ,  and e a re  given by 

zXs=(2Y,~' i Jo') 
U B 3 /t 2 ~(It/~ 

2 u~ 4 ~ 4 u ~ -~ u ~  

t Jo'u" I Ju" Jeu'.4 - t Jeo" 
2 ~ + 7 ~ - ~ T - - - d r - - - ' ~ - ~ - +  

• sr ] I Jo" I Jo" r 2 I- a ~ .  (4.  5) 
+ 2 u* 4 u 4 ua J 

It is  i n t e r e s t i n g  to compare  the r e s u l t s  obtained 
us ing  the above expansions  with ex i s t ing  exact  ana ly t -  
ie solut ions  of the equat ions for  a beam.  The n u m b e r  of 
of such solut ions  is ,  unfor tunate ly ,  v e r y  smal l .  In the 
s t a t iona ry  case  the v a r i a b l e s  can be sepa ra t ed  [2, 3]. 
There fo re ,  for example ,  in the case of the solut ions  
given by Mel t ze r  [2], the p r o b l e m  r educes  to f inding  
the Tay lo r  expans ion  for  the funct ion F = (s in  3~b/2) 4~.  
When r < ~/3,  so that F i n c r e a s e s  monotonica l ly ,  it 
is  poss ib le  to achieve high accuracy  with a r e l a t i ve ly  
s m a l l  n u m b e r  of t e r m s .  When ~ _> ~/3,  the s i tua t ion  
is  dif ferent .  To obtain the solut ion in this reg ion  it  is  
bes t  to go over  to an expansion in in tegra l  powers  of 
x ~, beg inn ing  with a ce r t a in  r < 7r/3, and then match  
it to the solut ion d e s c r i b i n g  the e m i s s i o n  under  space -  
c h a r g e - l i m i t e d  condi t ions  for 0 -< r -< r 

An analyt ic  solut ion conta in ing  an a r b i t r a r y  funct ion 
of t ime  f(t) ,  and d e s c r i b i n g  ce r t a in  nons t a t i ona ry  p r o -  
c e s s e s  in the p l ana r  diode was given in [4]. In the case 
of the C h i l d - L a n g m u i r  t h r e e - h a l v e s  law, we have for 
the d i m e n s i o n l e s s  potent ia l  

= ( x + I ) % - -  2 / " x - - / V ,  

It is  r ead i ly  ver i f ied  that the convergence  rad ius  for 
the ~o s e r i e s  is f ,  while the solut ion mus t  be obtained 
for 0 ~ x -~ 1. If we allow an e r r o r  of the o rde r  of 0.1% 
for f =  2 + s in  t and x = 1, we find that the r equ i r ed  
accuracy  for  t = 0, t = ~r/2 and t = 3~r/2 is achieved with 
five, four,  and nine  s e r i e s  t e r m s ,  r e spec t ive ly .  

w THEORY OF PLANAR, CYLINDRICAL, AND SPHERICAL DIODES, 

These simplest  configurations are of particular interest because. 
under homogeneous conditions on the emitter,  all the equipotential 
surfaces r = const are t ime-independent .  Since we shall be interested 
in high-frequency processes in these devices during emission under 
space-charge- l imi ted  conditions, and zero external magnet ic  fields, 
let us write down a few further terms in the expansions for ~o and v~. 
The formulas which are given below refer to the case H = 0 and J = 
= J(t), and do not involve any additional assumptions: 
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We shal l  now assume that  the e m i t t e r  is e i ther  the p lane  x = 0, or 

the cy l inder  R = R 0, or the sphere r = r 0. In the first two cases the cur- 

vatures of the surfaces orthogonal  to the e m i t t e r  are zero, whi le  in the 
las t  case k~ ~ 0 but i t  enters into the formulas only through the 

Gaussian curvature klk2, and therefore also cancels  out. Let the emis -  
s ion-current  densi ty  I be 

or = 3 + sin t .  (5 .2)  

Equations (2.5)  and (5 .1)  enab le  us to de te rmine  the poten t ia l  and 

the ve loc i ty .  To c a l c u l a t e  the current densi ty  a t  any point, we shal l  

use the relat ions obta ined by in tegra t ing  the equa t ion  describing the 
conservat ion of current and the fac t  that  the d i sp l acemen t  current a t  

the emi t t e r  is zero: 

0~r Y (t) 0 ~  
J ( t , x ) = J ~ ( t ) - -  OtOz  ' Y ( t ,  R ) =  R]  OtOR 

J (t) OeeO 
J (t ,  r) - -  ~.,~ Ot Or " 

The charac te r i s t i c  l inear  d imension a in the p lane  case can  then 
be t aken  to be the dis tance  be tween the e lect rodes ,  whereas in the cy,- 

l i nd r i ca l  and spher ica l  cases i t  can  be t aken  to be the radius of the 

emi t t e r .  The results can  be conven ien t ly  expressed in terms of the di-  

mensionless  var iab les  r e l a t ed  to the Ch i ld -Langmui r  solut ion for the 
planar  diode [4]. Transformation from the var iables  of w (~o ~ to these 

new dimensionless  var iab les  (~o~), subiect  to Eq. (5.2),  can  be 

ach ieved  with the aid of the factors 

coco = 2 (%7) v '  (p~ 

vL* = ( ' /~,) ' / '  ~,', J r  ~ = V~ s ~ 

For a planar  diode g n  = 1 ,  i . e . ,  a 0 = 1, a k = 0  ( k > 0 ) ,  T = 0 .  
For cy l indr ica l  and spher ica l  diodes we can take  x 1 to be the logar i thm 

of the radius ( ln  R, In r) and, consequent ly ,  g l  = exp (2xl) ,  ao = 1,  

a 1 = 2 ,  ae, =2 ,  and so on. Moreover, T = - I / R ,  T~ = 1/R 2 i n t h e  

cy l indr ica l  case, and T = - 2 / r ,  T~ = 2 / r  2 in the spher ical  case.  

Figure 1 shows plots of go L (t ,  1) = ~2, v~ ( t ,  1) = vz, J[  ( t ,  1) = Jz and 
I~ ( t , 0 )  = 1 + (sin t ) / 3 .  The subscript  2 refers to quant i t ies  eva lua ted  

at the col lec tor .  Figure 2 shows the analogous curves for the cy l indr i -  
cal  and spher ica l  diodes when the d is tance  be tween the  e lect rodes  is 

equal  to the radius of the  emi t t e r .  
The above solutions describe the h igh- f requency  condit ions in  

planar,  cy l indr ica l ,  and spher ica l  diodes for s p a c e - c h a r g e - l i m i t e d  

emission.  The f requency w ~ = 1 corresponds to the d imens iona l  fre-  
quency o~ ~ U / a ,  where a is a cha rac te r i s t i c  l inear  dimension,  and 

U is the ve loc i ty  acqui red  by a pa r t i c l e  a t  the co l lec to r  of the planar  
diode 0 -< x -< a, in  which the current densi ty is L As the f requency 

and amp l i t ude  of the h igh - f r equency  component  are reduced,  the con-  

ve rgence  of the series improves  rapidly,  e spec i a l l y  in the case of % 
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